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Abstract—A mathematical model for knowledge acquisition in
teaching and learning is proposed. In this study we adopt the
mathematical model that is normally used for disease modelling
into teaching and learning. We derive mathematical conditions which
facilitate knowledge acquisition. This study compares the effects
of dropping out of the course at early stages with later stages of
learning. The study also investigates effect of individual interaction
and learning from other sources to facilitate learning. The study ﬁts
actual data to a general mathematical model using Matlab ODE45
and lsqnonlin to obtain a unique mathematical model that can be
used to predict knowledge acquisition. The data used in this study
was obtained from the tutorial test results for mathematics 2 students
from the Central University of Technology, Free State, South Africa
in the department of Mathematical and Physical Sciences. The study
conﬁrms already known results that increasing dropout rates and
forgetting taught concepts reduce the population of knowledgeable
students. Increasing teaching contacts and access to other learning
materials facilitate knowledge acquisition. The effect of increasing
dropout rates is more enhanced in the later stages of learning
than earlier stages. The study opens up a new direction in further
investigations in teaching and learning using differential equations.
Keywords—Differential equations, knowledge acquisition, least
squares nonlinear, dynamical systems.
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I. I NTRODUCTION

NOWLEDGE acquisition is a requirement for survival
and happens throughout one’s life span; it occurs
through theory formulation and revision [1]. A change in
behaviour due to earlier experience can show knowledge
acquisition, though some experiences caused by injury or
similar situations are not included [2]. Knowledge is acquired
by implementing different strategies such as selection of
adequate and relevant material to suit the students’ expertise
[3]. Woda also pointed out that knowledge acquisition is better
facilitated by ﬁnding easier ways to explain concepts. The
learning difﬁculties encountered by students in higher learning
is as a result of poor background in their early learning career
especially in primary school [4], [5]. Extensive research shows
poor performance in mathematics [6]. The reasons for this high
failure rate have been associated with historical background
of the education system, poor educator training and lack of
facilities [7]. Spaull pointed out that the effects of apartheid
are still responsible for some of the failures experienced at this
stage. As a result, the national examinations in mathematics
and science have failed to adequately prepare school leaving
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students for university education [8]. The acquisition of certain
cognitive, social and emotional capabilities helps students to
learn better in later years [4].
Education is a social process [9]. Dewey suggested that
learning be facilitated in a classroom in which interaction
happen with teachers and amongst themselves. People learn
best when they interact with other people [10]. Russian
psychologist Levy Vygotsky studied social interaction and
concluded that it is important to children’s learning [11].
He pointed out that children learn how to solve problems
by talking about them. He used the term Zone of Proximal
Development (ZPD) to describe the range of a child’s certain
experiences; the lower being what the child is able to do
independently and the upper being what the child does with
the help of others with advanced knowledge.
In this study we take into consideration the effects of
dropout rates on the process of knowledge acquisition.
Twenty-ﬁve per cent of all students drop out in their ﬁrst
year of study and only 21% graduate within the stipulated
time allocated for the degree [8]. This study pointed out that
lack of available ﬁnance and a big articulation gap between
secondary education and higher education is the major cause
of drop out. Admission of students into the university is based
on their performance in the matriculation (Grade Twelve)
examinations. Some students get into the university without
meeting entry requirements [12]. A study by Letseka and
Maile placed South Africa’s graduation rate amongst the
lowest with 15% across all South African Universities. With
this context in mind we incorporate this aspect in the proposed
mathematical model for knowledge acquisition.
In this paper we propose a mathematical model which is
normally used to describe how the disease spreads. Vygotsky’s
knowledge acquisition model of the need to interact to
facilitate knowledge acquisition is analogous to the situation
which facilitates transmission of a disease. In knowledge
acquisition, a knowledgeable individual (teacher) is introduced
into a classroom and passes it on to others who then
interact to acquire it. Similarly, in the case of a disease, an
infected individual is introduced into a susceptible group of
people who then acquire the disease after what is known as
adequate contact. The most important aspect to note is that; in
knowledge acquisition we favour the progression of knowledge
acquisition yet in disease modelling we do not favour the
progression of a disease. The proposed mathematical model
can easily be modiﬁed to deal with this aspect. We therefore
adopt a mathematical model ﬁrst proposed by Kermak and
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Mackendrick [14]. This model divides the population into
two groups the susceptible and the infected individuals.
Incorporating the laws of mass action, the mathematical model
is constructed.
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II. M ATHEMATICAL F ORMULATION AND A SSUMPTIONS
In this section we develop a mathematical model for
knowledge acquisition. We assume that those who teach
transmit their knowledge to students. In this regard we
incorporate the use of the compartmental model to this
situation. We further assume that the population of study
is divided into two; those students who are recruited into
the departments before teaching commences Ms and those
who have acquired the knowledge U . Their contact with
lectures and other learning facilities is modelled by the mass
action principle. The rates of knowledge acquisition through
teaching and contact with other sources are given by βT
and β0 respectively. π is recruitment rate into the respective
department from the entire applicants to the university. d1 is
the dropout rate in the ﬁrst group Ms associated with various
reasons such as movement to other courses and ﬁnancial
constraints. d2 is the dropout rate in the second group U ;
those who already have acquired knowledge. f is the rate
of forgetting the acquired concepts, these then move back
to the group that require teaching. We further assume that
concepts cannot be forgotten in the initial stages of teaching.
The compartmental model for the situation described above is
shown below.

A. Mathematical Formulation and Assumptions
In this section we develop a mathematical model for
knowledge acquisition. We assume that those who teach
transmit their knowledge to students. In this regard we
incorporate the use of the compartmental model to this
situation. We further assume that the population of study
is divided into two; those students who are recruited into
the departments before teaching commences Ms and those
who have acquired the knowledge U . Their contact with
lectures and other learning facilities is modelled by the mass
action principle. The rates of knowledge acquisition through
teaching and contact with other sources are given by βT
and β0 respectively. π is recruitment rate into the respective
department from the entire applicants to the university. d1 is
the dropout rate in the ﬁrst group Ms associated with various
reasons such as movement to other courses and ﬁnancial
constraints. d2 is the dropout rate in the second group U ;
those who already have acquired knowledge. f is the rate
of forgetting the acquired concepts, these then move back
to the group that require teaching. We further assume that
concepts cannot be forgotten in the initial stages of teaching.
The compartmental model for the situation described above is
shown below.
The differential equations describing the knowledge
acquisition dynamics is given as in Kermack and McKendrick
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Fig. 1 Compartmental model for knowledge acquisition

[14] for a disease model by;
dMs
= π + f U − (d1 + λ1 + λ2 )Ms ,
dt
dU
= (λ1 + λ2 )Ms − (d2 + f )U,
dt
Ms (0) = M0s , U (0) = 1

(1)
(2)
(3)

where λ1 = βT U and λ2 = β0 U are the force of knowledge
acquisition from teaching contacts and exposure to other
learning materials respectively. The initial conditions Ms (0)
and U (0) stipulate the values of the number of students in
the department of mathematics and the number of lecturers or
teachers in the department.
III. S TABILITY A NALYSIS
In this section we investigate the ’knowledge free state’, the
situation in which teaching has not started or done. We also
compute the conditions under which knowledge acquisition
progress. Unlike in the case of disease modelling, we desire
the knowledge acquisition to progress which would correspond
to the progression of a disease. We compute the equilibrium
points for the system (1)-(3), the knowledge free state is given
by E0 (πN/d1 , 0). The condition under which knowledge
acquisition progress is expressed by the second equilibrium
point (Ms∗ , U ∗ ). At this stage we deﬁne the basic knowledge
acquisition number K0
The basic knowledge acquisition number K0 , is the
number of secondary teaching contacts produced by one
knowledgeable teacher/student introduced in the recruited
group of students. If K0 < 1, then knowledge acquisition
does not progress and if K0 > 1 then knowledge acquisition
progresses.
In the above deﬁnition, it is assumed that the knowledge
acquired by students is shared amongst themselves. It is
therefore necessary at this stage to state that not all contacts
amongst students result in successful knowledge transfer. For
knowledge transfer to be successful, adequate contact should
take place. According to Van den Driessche and Watmough
[13], we calculate the value of K0 by considering the matrix
of new knowledgeable individuals F from a rearranged system
of equations (1)-(3)starting with the one responsible for
knowledge acquisition. The second generation matrix was
calculated and the value of K0 being the dominant Eigen value
of this matrix. The value of K0 was found to be
(βT + β0 )π
.
(4)
K0 =
d1 (d2 + f )
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TABLE I
S TUDENTS W HO PASSED N OV 2014 IN M ATHEMATICS II
week
1
2
3
4
5
6
7
students passed
178
250
255
245
252
232 162

Evaluating |J − λI| = 0, the Eigen values of this matrix
are α1 = −d1 and α2 = (d2 + f )(K0 − 1). The point E0
is asymptotically stable for K0 < 1. The Jacobean matrix
evaluated at the knowledge acquisition state in terms of K0 is
given by


−d1 − dd12 (d2 + f )(K0 − 1) −d2
∗
∗
J(Ms , U ) =
d1
0
d2 (d2 + f )(K0 − 1)
The eigen values of this matrix is given by

−[d1 + dd12 A] + [d1 + dd12 A]2 − 4d1 A
α1 =
2
−[d1 + dd12 A] − [d1 + dd12 A]2 − 4d1 A
α2 =
2
where A = (d2 + f )(K0 − 1) If K0 > 1 the knowledge
acquisition state is asymptotically stable, otherwise it is
unstable. This is the condition which facilitates knowledge
acquisition. To make sure that this condition is achieved, the
product of recruitment rate and the combined teaching effort
and other learning materials should be greater than the product
of the dropout rates with forgetting rate.
IV. R ESULTS AND D ISCUSSION
In this section we study the data collected from students’
performance from the Central University of Technology in the
Department of Mathematics. The data shows the number of
students who passed tutorial tests as the semester progressed.
The tests were administered every second week throughout
the semester. We investigate how the availability of teaching
and dropout rates affected the number of students who passed
the tests. We then compared the actual trend to the theoretical
trend. We used the data to ﬁt to the proposed mathematical
model using a combination of Matlab based numerical method
ode45 and Levenberg- Marquardt algorithm. The proposed
mathematical model can then be used to predict the pass rate
given the initial conditions.
Table I shows the distribution of students who passed
mathematics II in November 2014, the data is plotted in the
bar chart below and ﬁtted in the graph in Fig. 2 (b).
In Fig. 2 (a) shows the bar chart of the distribution of the
number of students who passed the assessments throughout
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(a) Bar chart of students passed November 2014
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We now investigate the stability of the knowledge free
state and the state in which knowledge progress. The
equilibrium points are E0 = (π/d1 , 0) and E1 =
(π/d1 K0 , π(K0 − 1)/K0 d2 ) to determine the stability of
these points we compute the Jacobean matrix evaluated at
these points. The Jacobean matrix evaluated at the knowledge
acquisition free state is given by


π
−d1 −(βT + β0 )π/d1
J( , 0) =
0
(d2 + f )(K0 − 1)
d1
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(b) Fitted model for November 2014
Fig. 2 Bar chart and ﬁtted model
TABLE II
S TUDENTS WHO PASSED J UNE 2015 IN M ATHEMATICS II
week
1
2
3
4
5
6
7
students passed 272 174 167 317 348 329 246

the semester. The trend indicates an increase in the number
of students who passed and later deceases as the semester
progressed in November 2014. The drop in the number is
associated with the dropout and failure to understand concepts.
The actual data was ﬁtted to a theoretical model shown in Fig.
2 (b). The ﬁtted model shows the same trend of increasing in
the beginning of the semester and then decreasing later at the
end of the semester.
The error in ﬁtting the observed data to the theoretical
model was investigated and the differences are shown as a bar
chart (Fig. 3 (a)). We note that high frequencies in differences
are noted at the beginning and at the end of the semester.
The differences at the beginning are as a result of the small
initial number of knowledgeable individuals introduced into
the population. In Fig. 3 (b) the goodness of ﬁt of the data is
shown. The red line indicates that if all points are close to the
line, there would be no difference between the predicted values
and the observed values. In this study we note that most of the
points are close to the red line indicating that the ﬁt is good
enough to predict the observed values. The Table II shows the
distribution of passes in mathematics II in June 2015. The data
is presented in the bar chart in Fig. 4 (a) and the data is ﬁtted
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(a) Bar chart of students passed June 2015
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(a) Bar chart of students passed November
2014

(b) Fitted model for June 2015

(b) Fitted model for November 2014

Fig. 5 Bar chart and ﬁtted model

Fig. 3 Bar chart and ﬁtted model

TABLE III
S TUDENTS WHO PASSED N OV 2015 IN M ATHEMATICS II
week
1
2
3
4
5
6
7
students passed
126 128 142 150 127 100
70

(a) Bar chart of students passed June 2015

The error in the ﬁtted data was investigated in the form of
the bar chart in Fig. 5 (a), the large differences are also noted
at the beginning and at the end of the semester. The goodness
of ﬁt scatter diagram shows that most of the points are close
to the red line indicating that the model is good enough to
predict the observed data.
The data for the number of students who passed
mathematics II in November 2015 is tabulated in Table III.
The distribution is displayed in the bar chart in Fig. 6 (a).

(b) Fitted model for June 2015
Fig. 4 Bar chart and ﬁtted model

in the graph shown in Fig. 4 (b). In general the trend in the
bar chart in Fig. 4 (a) shows an increase at the beginning and
a decrease at the end as in the previous case. The graph Fig. 4
(b) shows the ﬁtted data and the predicted model. In general,
we observe that the predicted model behaves almost similar
to the observed data.
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The bar chart in Fig. 6 (a) shows a distribution which
increases from the beginning and then decreases at the end
of the semester, these results follow the same trend as the
others displayed in the previous ﬁgures. The data was then
ﬁtted in the graph shown in Fig. 6 (b) which shows the same
trend in the predicted model. The ﬁtted model shows a clear
increase and then later a drop in the number of students who
passed mathematics II.
The errors in data ﬁtting is analysed in Figs. 7 (a) and (b).
The differences in the observed data and the predicted model
is shown in the bar chart, it is observed that in this data more
differences are noticed in during the middle of the semester.
The goodness of ﬁt shows that most of the points lie close
to the line in Fig. 7 (b), making it a good prediction to the
observed data.
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(a) Bar chart of students passed November
2015

1

2
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Time(Weeks)

(a) Bar chart of students passed June 2016

(b) Fitted model for November 2015

(b) Fitted model for June 2016

Fig. 6 Bar chart and ﬁtted model

Fig. 8 Bar chart and ﬁtted model

TABLE IV
S TUDENTS WHO PASSED J UNE 2016 IN M ATHEMATICS II
week
1
2
3
4
5
6
7
students passed 208 250 195 188 184 175 186

(a) Bar chart of students passed November
2015

(b) Fitted model for November 2015
Fig. 7 Bar chart and ﬁtted model
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The distribution of the students who passed mathematics
II in June 2016 is shown in Table IV. The data was then
presented on the bar chart in Fig. 8 (a).
The number of students who passed mathematics II in June
2016 is presented in Fig. 8. The data was ﬁtted as shown in
Fig. 8 (b). It is noted that most of the points are close to
the ﬁtted model. This prediction shown the increase in the
beginning and a decrease at the end of the semester.
The trends depicted on the bar in Figs. 2-9 show that the
number of students who pass the test increase up to a certain
time during the semester and then starts decreasing to a certain
level. The same trend seems to be shown in different data
sets used in this study. (see bar charts Figs. 2 (a), 4 (a),
6 (a), 8 (a)). The predicted models for these assessments
were obtained using the ode45 and the Levenberg-Marquardt
algorithm, these show similar trends (Figs. 2 (b), 4 (b), 6 (b),
8 (b)). The goodness of ﬁt for the predicted models shows a
generally good ﬁt as most of the data is close to the red line
in Figs. 3, 5, 7 and 9. The increase in the numbers of students
passing shows that knowledge was being acquired through
teaching and access to other learning materials. The decrease
is attributed to forgetting of taught concepts and dropout rates.
In the next section we test theoretically the effect of changing
these variables to knowledge acquisition.
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(a) Bar chart of students passed June 2016

(a) Effect of teaching contact rate βT on
knowledge acquisition

(b) Fitted model for June 2016
Fig. 9 Bar chart and ﬁtted model

(b) Effect of contact with other learning
materials rate β0 on knowledge acquisition
Fig. 11 Effects of dropout rates on knowledge acquisition

Fig. 10 Knowledge acquisition dynamics in teaching and learning

V. M ODEL DYNAMICS D ISCUSSION
In this section we ﬁt the actual data of the performance
of students taken from the department of mathematical and
physical sciences at the Central University of Technology.
The department realized that student performance was poor
in mathematics. This was caused by various reasons among
others poor lecture attendance, lack of tutorial practice and
high dropout rate. To solve this problem, the department
started administering weekly tutorial tests in which students
were tested on concepts that were covered each week. In this
section we used Matlab ode45 to analyze the model dynamics
of the governing differential equations.
In Fig. 10, hypothetical parameters are used based on the
assumptions. We use the values π = 0.3, d1 = d2 = 0.2, f =
0.05, βT = 0.8, β0 = 0.2. The recruitment rate π = 0.3
means that the studied group is 30% of the total number of
recruited students. The dropout rates d1 and d2 are assumed to
be different. The teaching contact rate is more than acquiring
knowledge from other sources βT > β0 . The teaching and
learning dynamics are shown, the few lecturers/teachers U are
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the ones with knowledge, as teaching starts it is noted that
the number of students without knowledge increases until a
time when they start understanding the concepts. The increase
in the knowledgeable population indicates the acquisition of
knowledge. A considerable number of students never get
to understand the required concepts a phenomenon widely
observed in teaching and learning.
In Fig. 11 (a) increasing the teaching contact rate result
in the increase in the knowledgeable population of students.
Increasing teaching contacts also depend on a number of
factors such as numbers of students attending classes. In Fig.
11 (b) increasing the contact with other learning resources
result in the increase in the knowledgeable population of
students. This means that, knowledge acquisition is also
enhanced by exposing students to different learning materials
such as books and access to internet.
In Fig. 12 (a) it is observed that increasing the dropout
rate d1 , which is associated with students changing courses
to other departments, ﬁnancial constraints result in decreasing
the knowledgeable population. This means that interventions
such as career guidance and provision of student ﬁnance might
improve graduation rates in the departments of mathematics.
In Fig. 12 (b), increasing the dropout rate d2 , which is
associated with ﬁnancial problems result in the sharp decrease
in knowledgeable students. The effect of dropout rates in the
group of those who have understood is more enhanced than in
the group of students that are in their ﬁrst stage of learning.
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learning material must be kept greater than the forgetting
concepts and dropout rates. The agreement of actual data
and theoretical data trends show that it is accurate to use
differential equations to model knowledge acquisition. The
paper opens a new direction of application of differential
equations in which effects of different aspects on knowledge
acquisition can be explored. Interventions to improve teaching
and learning can be incorporated into the model by suggesting
appropriate functions that model those aspects.
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(a) Effect of dropout rate d1 on knowledge
acquisition
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(b) Effect of dropout rate d2 on knowledge
acquisition
Fig. 12 Effects of dropout rates on knowledge acquisition

Fig. 13 Effect on losing knowledge (forgetting) on knowledge acquisition

It is a common observation for students to forget concepts
before they are examined, in Fig. 13 increasing the forgetting
rate f result in decreasing the knowledgeable population of
students. This can be kept in check by doing revision classes
and other interventions.
VI. C ONCLUSION
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